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What is a groupoid?

Groups Spaces
Groupoids

Groupoids encompass a spectrum of objects fitting between groups
and spaces. They are:

I like groups, but the multiplication is only partially defined,

I like (topological) spaces, but with some built in dynamics.

But the most interesting groupoids1 are a good mix between the
two, half-group half-space objects.

(1 in my opinion)
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There are many different equivalent ways to define a groupoid, this
one is taken from a set of notes written by Aidan Sims’
accompanying a lecture series in 2017 [5].

Definition
A groupoid is a set G together with a distinguished subset
G(2) ⊆ G×G, a multiplication map G(2) 3 (γ, η) 7→ γη ∈ G, and
an inverse map γ 7→ γ−1 from G to G such that

1. (γ−1)−1 = γ for all γ ∈ G;

2. if (γ, η) and (η, ζ) belong to G(2) then (γη, ζ) and (γ, ηζ)
belong to G(2) and (γη)ζ = γ(ηζ);

3. (γ, γ−1) ∈ G(2) for all γ ∈ G, and for all (γ, η) ∈ G(2) we
have γ−1(γη) = η and (γη)η−1 = γ.

Another common (and equivalent) definition is to define a
groupoid as a small category with inverses.
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Like a group, there is an identity element γγ−1 ∈ G. Unlike a
group, this is not the unique identity.

Definition
For γ ∈ G, define the source of γ as s(γ) = γ−1γ. Similarly, define
the range of γ as r(γ) = γγ−1.
Define the unit space G(0) := {s(γ) : γ ∈ G}. For x ∈ G(0), we
write

Gx : = {η ∈ G : s(η) = x} (the source fibre)

Gx : = {η ∈ G : r(η) = x} (the range fibre)

Gxx : = Gx ∩Gx (the isotropy group at x)

For any γ ∈ G we have r(γ)γ = γ = γs(γ). Moreover, a pair
(γ, η) is composable if and only if s(γ) = r(η).
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Make it topological

Definition
A topological groupoid is a groupoid G with a topology such that
the inverse map is continuous (hence a homeomorphism), and the
multiplication G(2) → G is continuous with respect to the
subspace topology of the product topology on G2.

A topological groupoid is étale if the source and range maps are
local homeomorphisms. In an étale groupoid, the source and range
fibres Gx and Gx are discrete in the subspace topology.

Today we will consider just étale groupoids, because they change a
lot of integrals into plain sums which makes life just a tad easier.
We will also require our groupoids to be locally compact,
Hausdorff, and second countable, because this is one seminar and
not an entire course.
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The convolution algebra
Let G be a locally compact Hausdorff second countable étale
groupoid. Let Cc(G) be the set of compactly supported functions
G→ C. For f, g ∈ Cc(G) we define f ∗ g : G→ C by

f ∗ g(γ) =
∑

η∈Gr(γ)

f(η−1)g(ηγ),

i.e. we sum over f(η)g(ξ) with ηξ = γ.

If G is discrete, the point mass functions δγ are continuous and
this multiplication is the unique one satisfying δγ ∗ δη = δγη for
composable (γ, η) (with the product being zero otherwise).

For f ∈ Cc(G) we define f∗ : G→ C by

f∗(γ) = f(γ−1).

This gives Cc(G) a ∗-algebra structure. Now we just need a norm...
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Norms

We can ask about the biggest C∗-norm on Cc(G). This exists, and
completing Cc(G) in this norm gives the full groupoid C∗-algebra
C∗(G).

There is also a reduced C∗-norm. For each x ∈ G(0), define
πx : Cc(G)→ B(`2(Gx)) by

πx(f)δγ =
∑

α∈Gr(γ)

f(α)δαγ .

Define π :=
⊕

x∈G(0) πx. This is injective, since if f ∈ Cc(G) is
non-zero on some γ ∈ G then πr(γ)(f)δγ−1(s(γ)) = f(γ) 6= 0.

Define the reduced || · ||r on Cc(G) by ||f ||r := ||π(f)||, the norm
of the image of f in ⊕B(`2(Gx)). The reduced groupoid
C∗-algebra of G is the completion C∗r (G) of Cc(G) in the reduced
norm || · ||r.
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How does this compare to groups and spaces?

If G is a group, then C∗(G) and C∗r (G) are the respective full and
reduced group C∗-algebras.

If G = G(0) is a locally compact Hausdorff space then
C∗(G) = C∗r (G) = C0(G

(0)) consists of just continuous functions
on the unit space which vanish at topological infinity. The
Gelfand-Naimark theorem says every commutative C∗-algebra is of
this form (up to isomorphism).

What about the groupoids part way between these cases?
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A (hopefully motivating) example

Let G = N2 = {(i, j) = eij : i, j ∈ N} with multiplication defined
eijejk = eik and inverse e−1ij = eji. Give this the discrete topology.

Then Cc(G) is spanned by the pointmasses δij := δeij , and these
multiply to give

δij ∗ δk` =

{
δi`, j = k

0, otherwise.

These act like matrix units, and there is an isomorphism
C∗r (G) ∼= K(`2(N)) mapping δij 7→ Θi,j , where Θi,j is a matrix
unit in K(`2(N)).
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Another example (Cartan stuff)

A pair of C∗-algebras A ⊆ B with A commutative is called a
Cartan pair if it satisfies 4 properties:

I A contains an approximate unit for B (non-degeneracy);

I elements n ∈ B satisfying n∗An+ nAn∗ ⊆ A span a dense
subalgebra of B (regularity);

I A is a maximal commutative subalgebra of B (MASA);

I there is a faithful conditional expectation P : B → A.

A theorem of Renault [4] states that every Cartan pair A ⊆ B is
isomorphic to the pair C0(G

(0)) ⊆ C∗r (G,Σ), where Σ is a twist
over an étale (and other conditions) groupoid G (if you don’t know
what this is, don’t worry).
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Another example (Cartan stuff)

A result of Li [3] states that every classifiable C∗-algebra has a
Cartan subalgebra.

This paper is called “Every classifiable simple
C∗-algebra has a Cartan subalgebra”

So, in particular,

Renault + Li =⇒ every classifiable C∗-algebra is a reduced
twisted groupoid C∗-algebra.
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