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The convolution algebra over a groupoid

Let G be a locally compact Hausdorff étale groupoid. Let Cc(G)
be the set of compactly supported functions G → C.

There is a convolution product and an involution on Cc(G) that
turn it into a ∗-algebra (similar to the construction of the group
C∗-algebra).

There is a particular C∗-norm on Cc(G) called the reduced
C∗-norm, and we complete Cc(G) to the reduced groupoid
C∗-algebra C∗

r (G).

A result of Renault [4] (extended to non-second countable
groupoids by Kwaśniewski-Meyer [2], Raad [3]) says that we can
embed C∗

r (G) in B(G), the bounded Borel measurable functions
on G. In particular, elements of C∗

r (G) can be viewed as functions
G → C.
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Topological non-triviality for groupoids

Say a groupoid G is effective if the interior of the isotropy
G′ := {γ ∈ G : s(γ) = r(γ)} is the unit space G(0).

Groupoid G is effective and Hausdorff =⇒ the only functions in
C0(G) that commute with C0(G

(0)) in the convolution product
already belong to C0(G

(0)).
This is useful because we eventually want to consider maximal
commutative inclusions of C∗-algebras.

We need something slightly more sophisticated however...
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Twists over groupoids

A twist Σ over a groupoid G is a central extension

G(0) × T −→ Σ −→ G

where T is the circle group.

We can then construct the reduced twisted groupoid C∗-algebra as
follows:

▶ construct a complex line bundle L := Σ×C
T over G;

▶ build the convolution algebra C0(G,Σ) of continuous sections
of L;

▶ identify sections of the bundle L with functions Σ → C with
f(zσ) = z̄f(σ) for z ∈ T, σ ∈ Σ;

▶ define the reduced C∗-norm on C0(G,Σ) and complete to get
C∗
r (G,Σ).
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Renault’s Commutative Cartan subalgebras

A pair of C∗-algebras A ⊆ B with A commutative is called a
Cartan pair if it satisfies 4 properties:

▶ A contains an approximate unit for B (non-degeneracy);

▶ the set N(A,B) := {n ∈ B : n∗An+ nAn∗ ⊆ A} spans a
dense subalgebra of B (regularity);

▶ A is a maximal commutative subalgebra of B (MASA);

▶ there is a faithful conditional expectation P : B → A.

Renault [4] showed that every Cartan pair A ⊆ B is isomorphic to
the pair C0(G

(0)) ⊆ C∗
r (G,Σ), where Σ is a twist over an étale

effective (and other conditions) groupoid G.
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The Weyl groupoid

Consider A = C0(X). If n ∈ B is a normaliser, then n∗n and nn∗

belong to C0(X) and there is a homeomorphism

αn : supp(n∗n) → supp(nn∗),

which encodes the dynamics of how n ‘acts’ on C0(X).

Define the Weyl groupoid G = G(A,B) as a quotient of the set
{(αn, x) : n ∈ N(A,B), x ∈ supp(n∗n)}, so elements of G are
equivalence classes [αn, x].

There is a canonical product and topology to put on this groupoid
that turn it into an effective étale Hausdorff groupoid.
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The Weyl twist

We define the Weyl twist Σ = Σ(A,B) over G(A,B) by
considering a quotient of the set
{(n, x) : n ∈ N(A,B), x ∈ supp(n∗n)}, so elements of Σ are
equivalence classes [n, x].

Let A := {[a, x] : a ∈ A, x ∈ supp(a∗a)}, and consider the
canonical map Σ → G, [n, x] 7→ [αn, x].
Then

A −→ Σ(A,B) −→ G(A,B)

is a twist, and
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Renault’s evaluation map

Theorem (Renault ‘08 [4])

B ∼= C∗
r (G,Σ) via an isomorphism mapping A = C0(X) to

C0(G
(0)).

The isomorphism takes an element b ∈ B and maps it to the
function b̂ : Σ → C given by

b̂[n, x] =
P (n∗b)(x)√

n∗n(x)
.

This assignment B → C∗
r (G,Σ) is called the evaluation map.
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The cursed question

What about non-Hausdorff groupoids?
i.e. what about when the restriction of a function on G to the unit
space is no longer continuous?
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The (commutative) local multiplier algebra

For a C∗-algebra A, there is a another C∗-algebra M(A) called the
multiplier algebra, consisting of ‘operators on A’.
If A = C0(X), then this is Cb(X), the algebra of continuous
bounded functions on X.

The canonical C∗-algebra that contains M(I) for every ideal I ◁ A
is called the local multiplier algebra Mloc(A). If A = C0(X) is
commutative, this is the algebra B(X)/M(X) of bounded Borel
functions modulo meagrely supported functions on X.
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The essential groupoid C∗-algebra
Kwaśniewksi and Meyer [2] define the essential groupoid
C∗-algebra C∗

ess(G) for an étale groupoid as so:
▶ for each open bisection U ⊆ G, let Cc(U) be the compactly

supported continuous functions U → C, extended by zero to
functions G → C;

▶ write the span of all these spaces Cc(U) over all open
bisections U ⊆ G as Cc(G);

▶ define a convolution and ∗ on Cc(G) as before;
▶ complete this to a C∗-algebra under a maximal norm to gain

C∗(G), and we gain a conditional expectation
C∗(G) → B(G(0))/M(G(0)) by restricting functions to the
unit space;

▶ quotient by the largest ideal contained in the kernel of this
canonical conditional expectation C∗(G) → Mloc(C0(G

(0)))
to gain C∗

ess(G).

This construction works in a similar for bundles over G, and so also
twists over G.
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Essential commutative Cartan subalgebras

Definition
A pair of C∗-algebras A ⊆ B with A commutative is called an
essential Cartan pair if it satisfies four properties:

▶ the same first three conditions of Renault: non-degenerate,
regular, masa;

▶ there is a faithful Mloc(A)-valued conditional expectation
P : B → Mloc(A).

Since A ⊆ Mloc(A), this generalises Renault’s definition.

Theorem (T)

There is an isomorphism B ∼= C∗
ess(G,Σ) that maps A

isomorphically on to C0(G
(0)).
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(If we have time) the local evaluation map
Since Mloc(C0(X)) = B(X)/M(X) does not consist of functions
on X but equivalence classes of functions on X, we cannot use
Renault’s evaluation map directly.

The term P (n∗b)(x) does not make sense at individual x ∈ X,
since singletons are (almost always) meagre sets.

We solve this the following way:
▶ for each normaliser m ∈ N(A,B) where m∗m has compact

support, the expectation P (m) can be represented as a
bounded function on a dense open subset Um ⊆ X;

▶ can define m̂[n, x] = P (n∗m)(x)√
n∗n(x)

for x ∈ Un, and extend by

zero to other parts to get functions in Cc(Un,Σ);
▶ this assignment extends to a linear map

spanN(A,B) → Cc(G,Σ), which then extends to an
isomorphism B ∼= C∗

ess(G,Σ).
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(If we have even more time) Automorphisms

If β is an automorphism of the twist (G,Σ) then we get an
automorphism of C∗

ess(G,Σ) by taking functions in Cc(G,Σ) and
pulling them back through β like so: f 7→ f ◦ β.

If φ : C∗
ess(G,Σ) → C∗

ess(G,Σ) is an automorphism that preserves
the Cartan subalgebra, then we gain an automorphism of the twist
(G,Σ) by mapping [n, x] to [Φ(n), (Φ|∗

C0(G(0))
)−1(x)], where

Φ|∗
C0(G(0))

: G(0) → G(0) is the Gelfand dual to the isomorphism

restricted to C0(G
(0)).
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